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Grinberg’s well-known necessary condition for a planar graph to be Hamiltonian 
was extended by Shimamoto to a condition for having a 2-factor. We derive a 
necessary condition for a planar graph to contain a collection of n disjoint circuits, 
none of which separates any other two. All is done in terms of the numbers pk 
which denote the numbers of k-gonal faces. 
Grinberg’s Theorem ([3], see also [ 1,2,4,5]) is well known; it asserts 
that if a planar graph G is Hamiltonian, then the numbers pk, k > 3, 
denoting the number of its k-gonal faces, satisfy the following condition: 
there exist non-negative integers pi and pi, k 2 3, for which p; + pl = pk for 
all k, k > 3, and xk,3 (k - 2)(p; - p;) = 0. 
Shimamoto’s [6] extension of Grinberg’s theorem treats 2-factors, as 
follows: if a 2-connected planar graph G has a 2-factor F consisting of m 
circuits, n of which are the boundary of simply connected ragions of the 
plane (or rather a sphere) minus F, and the remaining m - 12 circuits of F are 
of lengths C, ,..., C,-,, then there exist non-negative integers pi and pi’, 
k > 3, such that p; + p{ = pk for all k, k > 3, and 
m-n 
C (k- 2)@i-p;)=4(n - 1) + 2 C Cj. 
k>3 j=l 
(1) 
Our purpose is to further extend Grinberg’s theorem by treating connected 
planar graphs G which contain a set H of disjoint circuits where no circuit 
separates any other two; H is not necessarily a 2-factor of G, and in 
particular, a connected H is not necessarily a Hamiltonian circuit. Our result 
is the following. 
THEOREM 1. If a connected planar graph G contains a set H of n 
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disjoint circuits, none of which separates any other two, if G has L” vertices 
and pi k-gons inside these circuits, and if G has v” vertices and pi k-gons 
outside all of the circuits, then pi + pi = pk for all k, and 
c (k - 2)(p; - p;) = 4(n - 1) + 2(v” - v’). 
k<3 
(4 
If H is a 2-factor of G, then v’ = 0 and v” is the number of vertices of 
those circuits of H which separate some two circuits of H; therefore, 
Theorem 1 implies Shimamoto’s theorem; if H is a Hamiltonian circuit of G, 
then n = 1 and v’ = V” = 0 and Grinberg’s theorem follows from Theorem 1. 
We need the following: 
LEMMA. For every connected planar graph G having v vertices, 
2v-4=c (k-2)p,. 
k 
Proof. By Euler’s formula, 
2v-4=2e-2f =t]kpk-2~pk=~ (k-2)pk. 
k k k 
Proof of Theorem 1. Let Q, ,..., Q, denote the n circuits of H, and let PL,~ 
denote the number of k-gonal faces of G inside Qi, and let vi denote the 
number of vertices of G inside Qi, for k > 3 and 1 < i < n. Let Gi denote the 
union of Qi with the part of G which is inside Qi, 1 ,< i < n. Applying the 
Lemma to each of the graphs Gi, noticing that Gi has an outer face which is 
a 1 Qi I-gon, we get 
2(~‘+ lQil)-4=x (k- 2)pi.i + (IQil -2); 
k 
therefore 
t: (k-2)p;,i=2vi + IQii-2, l&i<n, (3.i) 
k 
and by summing Eqs. (3.i) for all i, it follows that 
x(k-2)p;=2v’-2n+? IQiI, 
k ,r, 
where p; = J?;=, P;,~ is the number of k-gons inside the circuits of H. 
Let G, be the union of Q,,..., Q, with the part of G outside all of the 
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circuits Q, ,..., Q, ; in addition to these n faces, G, has pt k-gons of G, where 
p; = pk - p;. It follows by the Lemma that 
C (k - 2) pr + E (I Qi I - 2) = 2 (0” + fl IQJ) -4; (5) 
k i=l 
hence 
x(k-2)p;:=2vf’+2n-4+ f IQil 
k i= 1 
(6) 
and by subtracting Eq. (4) from Eq. (6) we get Eq. (2), which completes the 
proof. 
Remark that the use of the Lemma slightly simplifies the proofs of 
Grinberg’s and Shimamoto’s theorems. 
Following [6], call a connected planar graph G a 2-graph if it satisfies the 
condition: “pk # 0 implies k E 2 (mod 3).” 
COROLLARY 1. The number v of vertices of any connected planar 2- 
graph G satisfies the congruency v = 2 (mod 3). 
Proof. It follows by the Lemma that 2v - 4 = 0 (mod 3); hence 
v z 2 (mod 3). 
The result of Corollary 1 for cubic graphs was mentioned in [6, 1. 8, 
p. 1731. 
COROLLARY 2. If G is a bipartite planar connected graph, then 
VG -s 
kg $&I 4) 
Pk (mod 2). 
Proof. pk = 0 for all odd k, since G is bipartite; hence it follows from the 
Lemma, when taken modulo 4, that 
pk (mod 4); 
VE F- 
kd C&&d 4) 
to, (mod 2). 
COROLLARY 3. If G is a bipartite planar connected graph such that 
Ck=O (mod 4) Pk E 1 (mod 2), then G has no 2-factors; in particular, G is non- 
Hamiltonian. 
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ProoJ G has by Corollary 2 an odd number of vertices; hence being 
bipartite it has no 2-factors. 
COROLLARY 4. Every bipartite cubic connected planar graph G satisfies 
the congruency CksO Cmod 4j pk = 0 (mod 2). 
Proof By Corollary 2 and the fact that an odd valent graph has an even 
number of vertices. It follows also from the equation 
2P4 = I2 + ~k>S,kdO(mod 2) tk - 6, Pk, which is easily derived from Euler’s 
equation. 
The application of Corollary 3 to Barnette’s conjecture seems impossible, 
due to Corollary 4. 
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